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Abstract. A monogenic polynomial / is a monic irreducible polynomial with integer coefficients 
which produces a monogenic number field. For a given prime q, using Chebotarev density theorem, 
we will show the density of primes p, such that — p is monogenic, is bigger or equal than [q— l)/q. 
We will also prove that, when q = 3, the density of primes p, which Q(^/p) is non-monogenic, is at 
least 1/9. 



1. Introduction 

Let K be an algebraic number field of degree n and Ok denote its ring of integers. K is called 
monogenic if there exists an element a S Ok such that Ok = It is a classical problem in 

algebraic number theory to identify if a number field K is monogenic or not. In the 1960s, Hasse [9j 
asked if one could give an arithmetic characterization of monogenic number fields. The quadratic 
and cyclotomic number fields are monogenic, but this is not the case in general. Dedekind [3] was 
the first who noticed this by giving an example of a cubic field generated by a root of — t^ — 2t — 8. 

Definition 1. Let f{t) £ be a monic irreducible polynomial. f{t) is called monogenic if K is 
monogenic, where K = Q(a) and a is a root of f{t). 

In this paper, we will study the distribution of a family of monogenic polynomials. More precisely, 
we will show the following 

Theorem 1. Let p and q be prime numbers, where q > 3. Consider the polynomial 

fpit) ■.= t'^-p. 

Then, we have 



x—^oo 



liminf ^ ^ i^{p < x : fp{t) is monogenic } > 



where Tr{x) denotes the number of primes less than x. 

The idea is to find a congruence condition on p such that fp{t) = — p is monogenic. This 
condition on p reads as p'^~^ ^ 1 (mod g^). Then we use the Chebotarev density theorem to count 
these primes. We will also present an elementary method to count these primes by using Dirichlet's 
theorem on primes in arithmetic progressions. 

When q = 3, using a description of an integral basis for a pure cubic field (Theorem |4]), and an 
explicit computation, we notice that the index form (see Lemma [I]) of Q(v^7iA?^) is represented by 
hx^ — ky'^ when /i^ ^ fc^ (mod 9) and {hx'^ — ky^)/9 for h"^ = k'^ (mod 9). Thus Q{\/lik^) being 

1 
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monogenic is equivalent to integral solubility of 

(hx^ + ky^ = l [fh'^^k^ (mod 9); 
[hx^ + ky^ = 9 iih^ = k'^ (mod 9). 

In particular when p is a prime, Q(-y/p) is monogenic for p = ±2, ±5 (mod 9). For p = ±1 (mod 9) 
we obtain the following equation 

(2) px'^ + = 9. 

By counting those primes p = ±1 (mod 9) where 9 is not a cube in Fp, we will find a lower bound 
for the density of non-monogenic cubic fields Q(^/p)- Notice that when p = —1 (mod 9), then 9 is 
a cube in Fp. Therefore we restrict ourself by considering primes of the form p = 1 (mod 9), and 
computing the density of these primes where 9 is not a cube modulo them. Let K = Q(C9, v^), 

where ^9 is a primitive 9'th root of unity. Since a prime p splits completely in K if and only if p = 1 

p— 1 

(mod 9) and 9~5~ = 1 (mod p). Then by applying Chebotarev density theorem, we get 
Theorem 2. The density of primes p = 1 (mod 9) such that the following Thue's equation 

px^ + y^ = 9 

does not have any solution is at least 1/9. This set of primes produces non-monogenic cubic fields 

Q(^)- 

We can also describe these primes by the following 

Theorem 3. Q(^/p) is non-monogenic for those primes p = 1 (mod 9) which can be represented 
by 7x'^ + 3xy + 9y'^. 



2. MONOGENIC Fields and Diophantine equations 

Generally speaking, we need to solve a Diophantine equation in order to show a number field is 
monogenic. It is useful to recall the following well-known statement. 

Lemma 1. Let K be a number field of degree n and ai, . . . , a„ G Ok be linearly independent over 
Q. SetM = Zai + --- + Za„. Then 

Disc{M) = {Ok : MfDisc{K). 

In particular, 

Disc{a) = Ind{af' Disc{K) , 
if a €z Ok oind K = Qa, where Ind{a) = {Ok ■ '^[a]). 

Choosing an integral basis for K and writing a with respect to this integral basis, one can see 
Ind{a) is a homogeneous form. In this section, we will focus on cubic fields. 

Let K = Q(-y/m), with m £ Z being a cube-free number, be a cubic field. We can assume 
m = hk"^ with h,k > and hk is square- free. The following theorem is due to Dedekind [3]. 

Theorem 4 (Dedekind). If K := Q{0), where 9 = ■^/m, with m as given above, then 
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(i) For ^ 1 (mod 9), we have Disc{K) = —27{hk)'^, and the numbers 

(3) {m,^ 

form an integral basis. 

(ii) For m = ±1 (mod 9), we have Disc{K) = —3{hk)'^, and the numbers 



form an integral basis. 

Notice that this Theorem shows Q(-y/p) is monogenic for primes p = ±2, ±5 (mod 9) which 
verifies Theorem [1] for q = 3. For p = ±1 (mod 9), by invoking Theorem U] we obtain the following 
integral basis for K = Q(^/p), 



where 6 = Let 
and assume a', a" are its conjugates. It is easy to see 



1 ± + 02 
a = o + 661 + c G Ox, 



^ a-a' = (0-0O((^±f)-^ 



(5) \ a-a" = {e-e") (^(6±f) -^f 

'-n((&±f)-f) 
where 9' and 9" are the conjugates of 6. Therefore 

Disc{a) = Disc{9) (^(b ± - p (^'^^ ^ 



-3p- {3b' ±3b''c + bc'' + ^^c' 



2 



thus 

Ind{a) = |36'' ± 3b^c + bc^ + 



So to determine monogenicity of Q(-y/p), for primes of the form p = ±1 (mod 9), we need to find 
the integral solutions of 



(6) |36^ ± 362c + 6c2 + ^^^c^] = 1. 

Multiplying by 9 in equation ^ we obtain an equivalent equation 

(7) \{3b±cf -pc'\ =9, 
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which, for primes p = ±1 (mod 9), is equivalent to 

px^ + = 9. 

Therefore we obtain 

Lemma 2. For p = ±1 (mod 9), Q(-y/^) being monogenic reduces to 
(8) px^ + 2/^ = 9, 

having an integral solution. 

Remark 1. Here, for simplicity, we found the index form of Q{^), but the same computation 
gives us the equation (Cp. 

Hence to construct a non-monogenic it would be enough to find a prime p = ±1 (mod 9), 

such that the equation [8] does not have any integral solution. One can find some of those primes by 
study the equation locally, for instance those primes p, such that 9 is not a cube modulo p. Notice 
that 9 is a cube if and only if 3 is a cube in Fp. Therefore we will briefly study the number of 
solutions of h{t) := — 3 in a finite field Fp, denoted by Np{h{t)), for all primes p > 5. 

Lemma 3. 

1 if p = 2 (mod 3) 

Np{h{t)) = <0 if p = Tx"^ + 3xy + dy"^ . 

3 if p = x"^ + xy + Qly"^ 

Let E := be the cubic field defined by h{t), with the splitting field L, which contains the 

quadratic field K := Q{\/—3). Let r/i = v^, ?/2;% be the conjugates of v^, then define 

^ n (^j -^^)- 

i<«<i<3 

For a prime p > 5, consider the Probenius automorphism associated to p, say Up S Gal(L/Q); which 
is unique up to conjugation. Regarding permutation in 6*3, we observe 

fTp(A) = sgn{ap)A. 

Therefore Up being even implies that dp is a trivial element in Gal{K/Q), thus p splits completely 
in K. Also when ap is an odd permutation, Up is not an identity element, therefore p inerts in K. 
This shows sgn{ap) = (|), where (^) is denoted for the Legandre symbol. Therefore p = 2 (mod 3) 
implies ap is a transposition, thus h{t) = has a unique solution in Fp. For p = 1 (mod 3), ap is 
an even permutation, so h{t) = has either zero or three solutions in Fp. Hence for p = 1 (mod 3), 
if 3 is a cube in Fp we have Np{h(t)) = 3, and if 3 is not a cube then Np{h(t)) = 0. 

One might find an alternative prove for this fact that — p has only one solution for p = 2 
(mod 3), by looking at the homomorphism 
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and noticing that this an isomorphism. For p = 1 (mod 3), we have 3'th root of unity in ¥p, so one 
have either zero or three solutions. However the former method is more general, and can be applied 
for general polynomials. 

Using the cubic residue symbol, one can show that for primes p > 5, p can be presented by 
+ + 6ly^ if and only if p = 1 (mod 3) and 3 is a cubic residue modulo p. Indeed this was 
conjectured by Euler and proved by Gauss (see [2]). 

Reduction theory of positive definite, integral binary quadratic form is easy to describe. For such 
a given form f{x, y) = ax^ + hxy + cy^, by SL2(Z) change of variable we can obtain a simpler form 
/'(x, y) = a'x'^ + b'xy+c'y'^, where \b'\ < a' < d and in case \h'\ = a', then b' = a'; and in case a' = c\ 
then b' > 0. The discriminant of x^+xy+61y^ is —243 which has the class number 3. More precisely, 
using the reduction algorithm explained briefly, there are, up to SL2(Z) change of variables, three 
binary quadratic form with discriminant —243. Namely + xy + 61y^, 7x^ it 3xy + 9y^, which 
there are in the same genus. When p = 1 (mod 3), then p can be presented by only one of the form 
x^ + xy + 61y^ or 7x^ + 3xy + 9y^. Indeed we have the following 

Lemma 4. Let /i, /2 be two integral binary quadratic forms of the same discriminant which repre- 
sent the same prime, say p. Then they are GL2{'Z)- equivalent. 

Proof: Consider an integral binary quadratic form, say f{x,y) = ax^ + bxy + cy^, that presents a 
prime p, then we can assume /(x, y) = px'^ + bxy + cy^. Consider 

7=(^ ;)eSL2(Z), 

then 

7./(x, y) := /((x, y)'j) = px'^ + (2pm + b)xy + (c + bm + prn^)y'^ 

2,1,' I / 2 
= px + b xy + cy . 

We can choose m such that 

—p < 2pm + b < p, 

so we have shown that any integral binary quadratic form that represents a prime p is SL2(Z)- 
equivalent to px'^ + b'xy + c'y^, where —p < b' < p. Under GL2(Z)-equivalence, we can assume 
< b' < p. This determines b' ( and hence c') uniquely and finishes the proof. □ 

Lemma[3]shows px^ + y^ = 9 does not have any integral solutions for those primes p = 1 (mod 9), 
which p can be represented by the quadratic form 7x^ + 3xy + 9y^ , and hence Lemma [2] gives a 
proof for Theorem [3l Using the Chebotarev density theorem we can also count these primes and 
then prove TheoremEl Let K = Q(C9, v^), where Cg is a primitive 9'th root of unity. We will show 

p— 1 

Lemma 5. A prime p splits completely in K if and only if p =1 (mod 9) and 9^?" = 1 (mod p). 

Since we will use the Chebotarev density theorem several times, let us recall it briefly. Let K 
be a number field and assume L/K \s a, Galois extension. To each prime ideal ^ oi K unramified 
in L there corresponds a certain conjugacy class C of Gal{L/K) consisting of the set of Frobenius 
automorphisms a attached to the prime ideals "P of L which lie over Denote this conjugacy 
class by the Artin symbol ( -gj" )• For a given conjugacy class C of Gal(L/i^), let vrc(x) denote the 
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number of prime ideals ^} of K umamified in L such that ^-^^ G C and -/V^/_ft:(^^) — x. By abuse 
of notation, the Frobenius automorphism is also represented by the Artin symbol. 

Theorem 5 (Chebotarev density theorem, seefllj). 

ICI 

(9) hm TTcix) = -±±-7:{x). 

x->-Qo [L : K\ 



Therefore 
roof of T\ 

cube in Fp. Lemma [5] and the Chebotarev density theorem implies 



p— 1 

Proof of Theorem [2} Note that for p = 1 (mod 9), 9~3~ = 1 (mod p) is equivalent to 9 being a 



< X : p = 1 (mod 9), 9 is not a cube in Fp} > 



tt{x) " - - ^ ^_^oo 6 18 9 

□ 

Let us denote lv the primitive cube root of unity. To prove Lemma El we need the following, 
which is easy to prove. 

Lemma 6. Let K = Q(C9, v^)? then the following map is an isomorphism 

^ : Gal(K/Q) — ^ — x — 
a — > {a{a),b{a)) 

where a{^) = and aiCd) = Cg"^- 

This lemma implies 

Proof of Lemma [5} Let p be an unramified prime in K and dp the Probenius automorphism 
associated to p; which is unique up to conjugation. Then 

C?"^^ = cTp(C9) = (mod p), 

where p is a prime above p. Since p is unramified we conclude 6(cjp) = p (mod 9). The same reason 
implies for such a p, 

cu^Wgi = f7p(9i) = gi (mod p) =^ (6<j"('^) - 9"^) G p. 
p-i 

Let p = 1 (mod 9) and 9~3~ = 1 (mod p). Notice that p is unramified since gcd(p, 3) = 1, so 
(i) b{ap) =p = l (mod 9), thus 6(cr) = 1. 

(n) uj"-^'^^ - 9^ G p which implies w^^'^^ - 1 € p, hence a{a) = 0. 

Thus ip{crp) = (0, 1), therefore ap is the identity element. This means p splits completely. Conversely, 
if p splits completely then a{a) = and b{a) = 1, which implies 

(i) Cg = Cg (mod p)^p=l (mod 9). 

(ii) 9^ = 9t (mod p) =^ (d^ - l) G p n Z = {p). 

This finishes the proof. □ 
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bmce is an irreducible polynomial then a famous conjecture due to Bunyakovsky says that 

there should be infinitely many prime of the form + 9 which are congruent to ±1 modulo 9. These 
primes produce monogenic fields. This shows the difficulty of characterizing monogenic fields even 
for pure cubic extensions. Monogenicity of cyclic cubic fields has been studied by Dummit and 
Kisilevsky [5]. 

3. ElSENSTEIN POLYNOMIALS AND MONOGENIC FIELDS 

Recall that a polynomial f{t) = t" + an-it^~^ + • • • + ait + oq is called an Eisenstein polynomial 
at a prime p when 

(i) p I ai for all < i < n — 1, 

(ii) p^\ao. 

Let fit) = + On-i^-i + • • • + ait + ao be an Eisenstein polynomial at p, and let K be the field 
generated by a root of f{t), say a, i.e K = Q{a). We will show that for any integers, cq, C2, . . . , Cn-i, 

(10) NK/Q{co + cia + --- +Cn-ia'^'^) = d^ (modp), 

for which we deduce the following 

Lemma 7. suppose K = Q(a), where a is a root of an Eisenstein polynomial at p, then 

pWOk-AoW 

Proof: Let p| [Oi^-, Z[a]], therefore there exists an algebraic integer 

d G O/^ \Z[a], 

so that pd G TL\a\. Hence for some integers cq, ci, . . . , c„_i we have 

^6* = Co + c\a H h Cn_ia"~^, 

so 

P^Nk/q{G) = Nk/q{cq + cia H h Cn-ia"''^) = Cq (mod p) 

which implies p \ cq. Note that p\\Nj^/Q{a), so this process and equation (fTOl) . imply p \ Ci for all i, 
which is a contradiction. □ 

Lemma [7] will allow us to find an arithmetic condition on p such that fp{t) produce a monogenic 
field. To prove Lemma [71 it remains to prove equation (llOp . 

Proof of Equation (jlOp : Let E be the Galois closure of K, and assume ^ is a prime in E above 
p. Since p \ ai, then Oi S where a = ai, 02, . . . ,an are the conjugates of a. Note that 

n 

^K/Qico + cia-\ h c„_ia"~^) = ]^(co + ciOi H h c„_ia""^), 

i=l 

This implies 

NK/qico + cia + • • • + c„_ia"-^) - c[J G n Z = (p), 
which proves the equation. □ 

In a monogenic field K, the field discriminant is equal to the discriminant of the minimal poly- 
nomial of a, where Ok = Also, by using the Dedekind's Theorem [6l it is easy to see how a 
prime splits, by looking at how the minimal polynomial of 9 splits modulo primes. More precisely 
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Theorem 6 (Dedekind). Let K be a number field such that Ok = Z[a], for some a. Let f{x) be 
the minimal polynomial of a and denote f the reduction of f modulo a prime p. Let 

f{x) = Pi{xr---Pg{xY^ 

then 

pOk='^\' 

Hence it is natural to see how prime splitting forces a number field to be non-monogenic. This 
idea was first noticed by Hensel. Indeed he constructed a family of Cs-extensions over Q, such that 
2 splits completely, and since in F2[t] there are only two linear polynomials, he deduced that these 
fields are non-monogenic. 

Hensel's idea can be extended easily to construct infinitely many non-monogenic Abelian number 
fields. Indeed let / = 1 (mod n) be a prime and assume n > 3. Denote the unique C„-subfield of 
Q(0) by Kn(l). The same method used to prove Lemma [9] shows that a prime p splits completely 
in Kn{l) if and only ii p ^ I and t^ — p has a solution in F^. Therefore, for a prime / = 1 (mod n), 
if t"" — 2 has a solution in F^, then Kn{l) cannot be non-monogenic. Notice that different / produces 
different Cn fields since the discriminant of Kn{l) is a function of /. So we need to count, the 
number of prime I = 1 (mod n) such that 2 is a n'th power in F;. Consider the Kummer extension 
Q{Cn, a/S) and observing 

Gal(Q(C„, v^)/Q) (Z/(nZ)) x (Z/(nZ))* . 

Lemma 8. A prime p splits completely in Q{Cn, a/2) if and only if p = 1 (mod n) and t" — 2 has 
a solution in Fp. 

By the inequality [Q(Cn) : Q] < nip{n) and the Chebotarev density theorem we obtain 

lim {/ < X : I = 1 (mod n),Kn{l) is non-monogenic} > — — -. 

x^oo 7r(x) nip{n) 

Remark 2. Let K/Q be a cyclic extension of prime degree I > 5. Gras [8j in her beautiful paper, 
using a result of Leopoldt, showed that K is non-monogenic unless 21 + 1 = p is a prime and 

Thus we have constructed infinitely many non-monogenic C^-extension over Q, such that 2 splits 
completely. For a given Abelian group 

G = Cm X Gn2 X • • • X Cnt ) 

choose a non-monogenic C^^-field, say Kn^, for 1 < i < t, with coprime discriminants. Put K = 
Kn^ ■ ■ ■ ■ Notice that 2 splits completely in , therefore 2 splits completely in K, which shows 
that K is non-monogenic. 

We can extend this idea further. For a prime number I, the field K := Q(Ci2) is a Galois extension 
with cyclic Galois group (Z/(/^Z))*. Let rj be its generator and put H := ijf). Denote by Ki the 
fixed field of H, therefore [Ki : Q] = / and Gal{K/Ki) ^ H. 

Lemma 9. p splits completely in Ki if and only if p^^^ = 1 (mod P). 
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Proof: Assume a prime p split completely in Ki, and let dp := ( ) be the Frobenius automor- 
phism associated to p, then 



\ P J 



id 



K,. \ P 



therefore ap G Gal(i^/i^/) = H. But p / Hs unramified in K, thus ap{C,p) = Cp, since o"p(C/2) = Cf 



(mod p), where p is a prime in K above p. Under the canonical isomorphism 



Gal(A7Q) ^ [^^ 

we see that p £ H = {rf), therefore for some integer t, 

p = rf'' (mod /2) ^ p'-i = 1 (modZ^). 

Conversely, let p^~^ = 1 (mod l"^). Assume that p = if (mod l"^) for some integer t, so, 

pi-i ^ ^t(i-i) ^ ^^^^ ^ ; I ^ 

therefore p G -ff, so tip G Gal(if/i^i), which means i ^'^'^ j = iii, hence p splits completely in i^/. □ 



Corollary 1. Let I be a prime such that for some prime p < I, p^~^ = 1 (mod then Ki is 
non-monogenic. 

As an application of Lemma[9]and the Chebotarev density theorem, one can calculate the density 

of 

#{p < X : p^-^ ^ 1 (mod l^)}, 
which we will use to prove our main theorem. 

Theorem 7. With the notations of Lemmal^we have 

# |p < x : p^-^ ^ 1 (mod = ^-^7r(x)(l + o(l)) 

Proof: Note that C = Gal{Ki/Q) — {e} is stable under conjugation, where e is the identity element 
in the Galois group, and C corresponds to the set of non-split primes by Lemma [U therefore the 
Chebotarev density theorem implies our theorem. □ 

Remark 3. As Professor Andrew Granville has pointed out to the author, Theorem^ can also be 
proven by Dirichlet's theorem on primes in arithmetic progressions. 

We have all ingredients to prove theorem [TJ 

Proof of Theorerrill Let K := Ef^ = Q(a) be the field obtained by adjoining a root of fp{x) to 
Q. Since fp{x) is an Eisenstein polynomial at p, we have that 

It is easy to see that 

|Z)zsc(/p)|=(/V-' 
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therefore q might divide [Ok '■ Z[a]]. For p^^^ ^ 1 (mod g^) we see that 
fp{t+p) = {t+pf-p 

= t« + + ■ ■ ■ + C - 1)^'"'* + " 

which imphes fp{t + p) is an Eisenstein polynomial at the prime q so by Lemma [7] we obtain 

qWOK-.na-p]] = [Ok -.not]], 

therefore fp{t) is monogenic. Thus 

#{p < X : fp{t) is monogenic} > #{p < x : p'^^^ ^ 1 (mod q^)}, 

Which combined with Theorem [7] proves our theorem. □ 

As was already mentioned, Theorem [1] can also also be proven without using the Chebotarev 
density theorem. Indeed, for 1 < i < q — 1, consider the following change of variable 



f{t + i) = {t + iy -p = t'' + Y, ('^) t'i"'' + 

j=i V-^/ 



so to obtain an Eisenstein polynomial at q, we need to have the conditions p = i'^ = i (mod q) and 
p ^ i'^ (mod g^) that also imply p'^~^ ^ 1 (mod q'^). By the prime number theorem in arithmetic 
progressions, we get 

lim {p < X : p = i (mod q),p ^ (mod g^)} 

x^oo 7r[X) 

= lim {p < X : p = + qs (mod g^), 1 < s < g — 1} 
x^co 7r(x) 

Q-l 1 



q{q - 1) q 

which proves Theorem [TJ However the Chebotarev density theorem would give a better error term. 
It should be mentioned that the simple change of variable x + 1 also gives interesting examples. 

Example 1. Let m = 2^ be a power of 2, and assume p = 3 (mod 4) is a prime. Then f{x) = x'^—p 
is an Eisenstein polynomial at p, with discriminant —m"^p"^~^ . We now remark that 

( m\ fm — 1 
kl ] = ml , 
\k J \k-l 

which implies 

m-l , ^ 

/(a; + 1) = (x + ir -p = x"^ + ^ P X^' + (1 -p), 
is an Eisenstein at 2, therefore 

2t[Ox :Z['^-1]] = [OK-.n 
so = Q( "^y^) is a monogenic number field. 
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Eisenstein polynomials essentially give us a number field which contains a totally ramified prime. 
Indeed, by Lemma [7] and the Dedekind theorem (see [11], Proposition 8.3), we have the following 
well-known result. 

Lemma 10. Let K = Q(a), where a is the root of an Eisenstein polynomial at a prime p. Then p 
is totally ramified in K . 

For primes p, q such that 

p'?"^ ^ 1 (mod q^), 

p and q are totally ramified in the number field obtained by adjoining a root of fp{t) = — p, 
therefore /p(t)'s generate a family of number fields which are totally ramified only at two primes. 

4. Some final remarks 

We can also fix a prime p and vary q in — p. For example, when p = 2, we want to understand 
for which prime q, f — 2 is monogenic. We should therefore understand the distribution of primes 
q such that 

2"-^ iL 1 (mod q^). 

This is an interesting question, as it can be shown that if 2'^^^ ^ 1 (mod q^\ then the first case 
of Fermat's Last Theorem holds. Indeed, we expect that there are only few primes q such that 
2'^~^ = 1 (mod q'^). As far as I know, 1093 and 3511 are the only primes known to satisfy this 
relation. For a number field K, let CKis) be the Dedekind zeta function of K, and assume its 
Laurent expansion at s = 1 is 

Ck{s) = c_i(s - 1)-^ + Co + ci(s - 1) + • • • (c_i / 0). 

Ihara in his interesting paper defined an analogue to the Euler-Kronecker constant 

Co 

IK = , 

C-1 

which is the same as the usual Euler constant for K = Q. Let Kg be the field we defined in Lemma[9] 
{q = I) and denote := jKq- Assuming GRH, Ihara proved (see [10], Corollary 3) 

Theorem 8 (Ihara). Assuming GRH, i/liminf ^ = 0, then for each prime p, there are finitely 
many q such that 

p'i-^ = 1 (mod q^). 

Therefore by considering these above assumptions we see, for a fixed p, most of the time f — p 
is monogenic. These primes are called Wieferich primes. Motivated by Fermat's last theorem, 
Granville in his interesting paper [6] has studied these primes. Moreover, Granville and Soundarara- 
jan [7J in their remarkable paper related these primes to a conjecture of Erdos asking if every positive 
integer is the sum of a square-free number and a power of 2. It seems possible to use an the effective 
Chebotarev density theorem, to obtain some averaging result for the distribution of q mentioned 
above. 

For a given prime (? > 3, it would be interesting to classify the monogenicity of Kp := QiCq, ^) 

when p{^ q) varies. Note that a prime / splits completely in Kp if and only if / = 1 (mod g), and 
i-i 

pi =1 (mod /). Therefore, by using Hensel's idea mentioned earlier, if the least prime in the 
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arithmetic progression n = q (mod q) is less than q{q — 1), then there are infinitely many p such 

i-i 

that Kp is non-monogenic, namely those p, for which pi =1 (mod I). Chang [1] considered this 
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